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Lecture 17

Chapter. 7
QM in 3-dims & Hydrogen Atom

Outline:

• The Schrödinger Eq. in 3-Dimensions
• The 3D Infinite Well
• Energy Quantization & Spectral Lines in Hydrogen
• The Schrödinger Eq. for a Central Force
• Angular Behavior in a Central Force
• The Hydrogen Atom
• Radial Probability
• Hydrogen-like Atoms

Stationary States in a 3-D Box

Solution

Angular Momentum Operator



Toward the Hydrogen Atom
We break it into pieces.

i.e. separation variables for a central force (see p247)

-ml2

Toward the Hydrogen Atom -

Separation of !!!!
Polar Equation

Solution is possible (non-divergent) 

only if:

m and l are related!

or (7-26)

ml2
far more challenging equation than others we have seen ;) and we won’t go into the 

analytical solution; you will see this in the advanced QM textbook

l = a new quantum number 

Polar Equation



Legendre Polynomials 

l = new quantum number 

Legendre Polynomials 

The meaning of l

See Appendix GL2 = Lx
2+Ly

2+Lz
2

The meaning of l

Angular part of Schrodinger Eq.

l = Orbital Quantum number



Legendre Polynomials 

l = new quantum number 

The meaning of l

Angular part of Schrodinger Eq.

Units of angular 

momentum

L ~ Magnitude of Angular 

Momentum

Quantized so far:

The projection of 

angular momentum to 

z- axis

The magnitude of 

(orbital) angular 
momentum

m
l
= 

MAGNETIC QUANTUM 

NUMBER

l = 

ORBITAL 

QUANTUM NUMBER

Summary



The 

Uncertainty 

Principle

Planar motion 
violates the 
uncertainty 
Principle !! 

Angular 

Momentum 

Quantization

Angular 

probability 

densities for a 

central force



The  Radial Part of Schrodinger

Equation for Hydrogen Atom

The  Radial Part of Schrodinger

Equation for Hydrogen Atom

Hydrogen P.E.

The radial equation is called the associated Laguerre equation and the solutions R 
that satisfy the appropriate boundary conditions are called associated Laguerre 
functions.

The  Radial Part of Schrodinger

Equation for Hydrogen Atom

Hydrogen P.E.

Try a solution
 A is a normalization constant.
 a0 is a constant with the dimension of length.
 Take derivatives of R and insert them into Eq 

Energy 

quantization

Quantum number l is 

limited to (n-1)

The principal

quantum 

number n

and l must obey 



Bohr Radius

How Small is “Small”?

Quantum 

numbers

“accidental” degeneracy
Because of 

1/r

ℓ = 0, 1, 2, 3, . . .
mℓ = −ℓ, −ℓ + 1, . . . , −2, −1, 0, 1, 2, . ℓ . , ℓ − 1, ℓ 
|mℓ| ≤ ℓ and ℓ < 0 

Probability Density and Normalization

No !!!!""""dependence
Total Prob. of finding electron somewhere in space must be “1”. 

Using the volume element in spherical polar coordinate (see 7-4), 

normalization condition becomes… 

Hydrogen Atom Radial Wave Functions
First few radial wave functions Rnℓ



Traditional naming 

scheme

Now, we can discuss where hydrogen’s e might be found

Spectroscopic notation

s: sharp, p: principle, d: diffuse, f: fundamental…
3d state: n=3 & l = 2
2p state: n=2 & l = 1

Electron 
Prob. 

Densities in 
the 

Hydrogen 
atom, 

through 
n = 3

State are labeled 
using 

spectroscopic 
notation; n, l

2d state is 
possible?  -- 

No!!
Because, 

here, n=2, d 
=2; 

Remember 
n > d

Spectral 

Lines

Hydrogen’ energies 
& specral lines;

A photon is emitted 
when the electron 
jumps downward.




