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Abstract: A basic theoretical and mathematical overview of the utility of perturbation theory in simple mechanical systems had been described in this paper.

Introduction:
Perturbation theory is a very broad subject with applications in many areas of the physical sciences. The basic principle is to find a solution to a problem that is similar to the one of interest and then to cast the solution to the target problem in terms of parameters related to the known solution. Usually these parameters are similar to those of the problem with the known solution and differ from them by a small amount. The small amount is known as a perturbation and hence the name perturbation theory. The word “perturbation” implies a small change. Thus, one usually makes a small change in some parameter of a known problem and allows it to propagate through to the answer. One makes use of all the mathematical properties of the problem to obtain equations that are solvable usually as result of the relative smallness of the perturbation.  
 It is the theory which is the study of the effects of small disturbances .If the effects are small, the disturbances are said to be regular, otherwise they are said to be singular. The basic idea in this theory is to obtain an approximate solution of a mathematical problem by exploiting the presence of a small dimensionless parameter-the smaller the parameter, the more accurate the approximate solution.  
Basically the perturbation theory can be divided into two approaches: time dependent and time independent perturbations. There are many point of analogy between the classical perturbation techniques and their quantum counterparts. Generally, classical perturbation theory is considerably more complicated than the corresponding quantum mechanical version.

All of the problems in classical mechanics from elementary principles, central force problems, rigid body motion, oscillations, and theory of relativity had almost exact solutions but in chaos and advanced topics the great majority of problems in classical mechanics cannot be solved exactly and here the perturbation theory comes into play to solve the respective solution in an approximate fashion.

Perturbation Hamiltonian:

In a physical problem that cannot be solved directly the Hamiltonian differs only slightly from the Hamiltonian for a problem that can be solved rigorously. The more complicated problem is then said to be a perturbation of the soluble problem and the difference between the two is called the perturbation Hamiltonian .Therefore the perturbation theory consist of techniques for obtaining approximate solutions based on the smallness of the perturbation Hamiltonian and on the assumed smallness of the changes in the solutions. In general, even when the change in the Hamiltonian is small, the eventual effect of the perturbation on the motion can be large. This suggests that any perturbation solution must be carefully analyzed to be sure that it is physically correct.
The differential equations that describe the dynamics of a system of particles are definitely nonlinear and so one must be somewhat more clever in applying the concept of perturbation theory.
Perturbation expansion:

A regular perturbation case is an equation of the form: D(x;φ)=0 containing a parameter such that the full solution xsol approaches the solution x0 of the simplified equation D(x;φ;0)=0 which tends to 0.

The basic regular perturbation methodology is simple:
1. Write the solution as a power series in 
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2. Insert the power series into the equation and rearrange to a new power series in:

D(xsol;”)= D(
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3. Set each coefficient in the power series equal to 0 and solve the resulting systems :

P0(x0;0)=D(x0;0)=0
P1(x0;x1)=0
P2(x0;x1;x2)=0 
This determines x0;x1;x2 .The idea applies in many different contexts :

a.approximate solutions to algebraic and transcendental equations 

b.approximate expressions to definite integrals 

c. ordinary and partial differential equations
The perturbation analysis is often complementary to numerical techniquies.The perturbation analysis sometimes gives asymptotic relationships that are more useful than a small number of numerical experiments. However, in other cases there are really no small parameters and we have to rely on numerical solutions. 
Applications in Classical Mechanics:
a. Projectile Motion :

The projectile motion in 2-D without considering air resistance with initial velocity of the projectile as v0  and the angle of elevation as θ ,then the force F=mg, the force component becomes : 

x-direction   
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Neglecting the height  , assume x=y=0 at t=0,then 
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The speed and total displacement as functions of time are found to be 
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to find the range by determining the value of x when the projectile falls back to ground that is when y=0 


[image: image16.wmf]0

)

sin

2

(

0

=

+

-

=

q

v

gt

t

y


one value of y=0 occurs for t=o and the other one for t=T       
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the Range R is found from 
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Next ,if we add the effect of air resistance to the motion of the projectile then there will be decreases in range under the assumption that the force caused by air resistance is directly proportional to the projectile’s motion 

The initial conditions are the same as above initial case 
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Then the equations of motion, become
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The solution is 
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The range R’ which is the range including the air resistance ,can be found as previously by calculating the time T required for the entire trajectory and then substituting this value into above equation for x. The time T is found as previously by finding t=T when y=0.therefore from above equation  we find 
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This is a transcendental equation and we cannot obtain an analytic expression for “T”. Therefore perturbation method is used to find an approximate solution .To use this method,we find an expansion parameter which is normally small and in the present case this parameter is the retarding force constant k assuming it to be small. Expand the exponential term of  the transcendental equation in a power series with the intention of keeping only the lowest terms of kn  ,where k is the expansion parameter.
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If only the terms in the expansion through k3    ,this equation can be rearranged to yield 
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The expansion parameter k in the denominator of the first term on the right hand side of this equation and expand this term in a power series 
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If we insert this expansion into the first term in the right hand side of the equation and keep only the terms in k to first order then we have 
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0 ie., no air resistance then the above equation gives us the same result as
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Therefore if k is small but non-vanishing the flight time will be approximately equal to 
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 this is the desired approximate expression for the flight time .
Next, the equation for x in expanded form:
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 The quantity 2UV/g can be written as 
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This will be recognized as the range R of the projectile when air resistance is neglected.
Therefore 
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The range values calculated approximately: perturbation method is plotted as a function of the retarding force constant k: 


[image: image45]
Note: As the retarding force constant is increased the range R’ gets decreased linearly 
The simulation is carried out in Matlab – Simulink Tool.

Ref: Fig2-9; pg: 69; Marion & Thornton, Classical Dynamics of particles and systems, 4th Edition  

b. Damped Harmonic Oscillator: 
The oscillation in a simple harmonic oscillator is a free oscillation, once it is set into oscillation, the motion would never cease. To analyze the motion in this case a term representing the damping force is incorporated into the differential equation. It is assumed that the damping force is a linear function of the velocity. Thus if a particle of  mass m moves under the combined influence of a linear restoring force –kx and a restoring force 
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  which can be written as 
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Here β=b/2m is the damping parameter and ω0  =
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is the characteristic angular frequency in the absence of damping. The roots of the auxiliary equation are 
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The general solution of the equation is :
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Next considering the differential equation for perturbation method: 
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  for definiteness, the initial conditions are y(0)=0,y’(0)=1.

 now  
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for the second order the expression reduces to:
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The initial conditions don’t depend on ε ,so they break into y j (0) =0 and 

                                yo’(0)=1, yo’(0)=1 ,y2 ‘(0)=0 

set the coefficient of each power of ε equal to 0 and applying the corresponding boundary condition .

                         The solution for 
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Substitute this into the equation for y1 :
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From the method of undetermined coefficients for an inhomogeneous linear equation with the forcing term “on resonance “:
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The solution satisfying the null initial conditions is 
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 .This is called a secular term , because it grows with time t .
For the second –order term we get the equation :
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The solution will involve t2  times a trig function and so on to a higher orders .The secular terms get worse .so the constructed equation will be :
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To judge this  approximation ,comparing it with the exact solution .It is 
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Therefore from expanding this in a Taylor series in ε ,with t fixed ,we get agreement with the perturbative solution . For any given t, our approximation is good if ε is sufficiently small.
c. Three body problem:
The three-body problem is one of the most celebrated problems in celestial mechanics.. In particular it focuses on the seminal contribution of the French mathematician Henri Poincaré whose attempt to find a solution led him to the discovery of mathematical chaos. The general mathematics of the problem is discussed in many classic texts on both analytical dynamics and celestial mechanics. The three-body problem can be simply stated: three particles move in space under their mutual gravitational attraction; given their initial conditions, determine their subsequent motion. It can therefore be described by a set of nine second-order differential equations. The problem naturally extends to any number of particles, and in the case of n particles it is known as the n-body problem.

Over the years attempts to find a solution to the three-body problem has spawned a wealth of research. Between 1750 and the beginning of the twentieth century more than 800 papers relating to the problem were published invoking a roll call of distinguished mathematicians and astronomers, and hence, as is often the case with such problems, its importance is now perceived as much in the mathematical advances generated by attempts at its solution, as in the actual problem itself. These advances have come in many different fields, including, in recent times, the theory of dynamical systems. 

A special case of the three-body problem which has featured prominently in research as a result of its simplified form and its practical applications is what Poincaré called the 'restricted' three-body problem. In this formulation two of the bodies, known as the primaries, revolve around their centre of mass in circular orbits under the influence of their mutual gravitational attraction and hence form a two body system in which their motion is known. A third body, generally known as the planetoid, assumed massless with respect to the other two, moves in the plane defined by the two revolving bodies and, while being gravitationally influenced by them, exerts no influence of its own. The problem is then to ascertain the motion of the third body.

This particular case of the three-body problem is the simplest one of importance and in the context of Poincaré’s work is especially significant since most of his results pertain to this formulation. Apart from its simplifying characteristics, it also provides a good approximation for real physical situations, as, for example, in the problem of determining the motion of the moon around the earth, given the presence of the sun. In this instance, the problem is almost circular (the eccentricity of the earth’s orbit is approximately 0.017), almost planar (both the earth’s orbit and the moon’s orbit are nearly in the plane of the ecliptic), and the values of the mass ratios and the mean distances between the bodies satisfy the conditions. The formulation also provides a reasonable approximation to the system consisting of the sun, Jupiter and a small planet.

Apart from its intrinsic appeal as a simple to state problem, the three-body problem has a further attribute which has been responsible for the abundance of potential solvers: its intimate link with the fundamental question of the stability of the solar system. That is, the question of whether the planetary system will always keep the same form as it has now, or whether eventually one of the planets will escape from the system or, perhaps worse, experience a collision. It is a question which has concerned astronomers for centuries, ever since it was first observed that the motions of the earth and of the other planets were not precisely regular and periodic. 

Since bodies in the solar system are approximately spherical and their dimensions extremely small when compared with the distances between them, they can be considered as point masses. Under Newton's law and to a first approximation, the planets move in elliptical orbits around the sun, the sun being at one of the foci of the ellipse. This description is a first approximation because it only allows for the interaction between the sun and the particular planet whose motion is being described and does not take into account the forces between the individual planets. These other forces cause perturbations to the original elliptical orbit so that it very slowly changes and it is conceivable that these very slow changes could, after a very long period of time, alter the present orbits in such a way that a planet could be thrown out of the system or a collision could occur. Although such a scenario does not agree with observations made over the last 1,000 years, it is quite a different thing to prove mathematically that it could not happen, and it is the search for such a mathematical proof that provides the connection with the three-body problem. Ignoring all other forces such as solar winds or relativistic effects and taking only gravitational forces into account, the solar system can be modelled as a ten-body problem having one large mass (the sun) and nine small ones, and investigated accordingly. 

Secular Perturbation theory applied to 3-Body problem:

It addresses long-period oscillations in planetary orbits, with a history of more than 200 years. Many of the fundamental questions in celestial mechanics have been answered, some interesting ones remain just beyond the scope of basic secular theory. The recent burst of extrasolar planetary system detections has triggered renewed interest in this subject, as simple extensions of the theory may have the potential to explain many of the orbital properties of these systems. 
The solution to a two-body system, consisting of a planet and a star, can be described in terms of five fixed orbital elements that define an elliptical Keplerian orbit, and a time-depended one that gives the position of the planet alone the orbit. In systems with more than two planets, Keplerian orbits are no longer exact solutions due to gravitational interactions between the planets. However, since the gravitational forces are still dominated by the central body, each of the planets follows a nearly Keplerian orbit. A similar set of orbital elements, known as osculating elements can be defined at instant in time; these elements vary slowly due to perturbations from other planets. The long-term oscillations of the osculating orbital elements in time is the subject of secular perturbation theory.
The classical secular theory, developed by Laplace and Lagrange , begins with Lagrange's planetary equations which are a set of ordinary differential equations guiding the time evolution of the osculating elements in terms of the perturbing potential  The

secular parts of the perturbing potential are obtained by averaging over all relevant orbital periods so that all short-period terms related to planetary positions along their orbits vanish. The result of this averaging procedure is that the semimajor axes of the planets remain constant, the pericenters and nodes precess, and the eccentricities and inclinations vary quasi-periodically. A linear approach has been applied to the Solar System for more than one and a half centuries details of the theory, which is second order in

small orbital inclinations and eccentricities, and first order in masses Although the application of this low order theory is limited, it gives useful conclusions for the Solar System.
Secular Modes in Two- and Three-Planet Systems
The discovery of multi-planet extra solar systems of the simple two-planet system has drawn renewed attention. The aligned and anti-aligned states of orbits are actually the two eigenmodes and confirmed that with eccentricity damping due to any external forces, one of the two eigenmodes decays quickly leading to either apsidal alignment or anti-alignment, depending on the masses and semimajor axes of the two planets. In addition to apsidal lock, the eccentricities ratio of the two planets remains constant, if eccentricity damping is the only external effect. This result can be used to determine the eccentricity of one planet in a two-planet system, if apsidal lock is observed and the eccentricity of the other planet can be measured.
With the rapid pace of observational discoveries, many additional extra solar 
systems with two or more planets will emerge. It is important to understand the secular modes and their interaction with other perturbations in these systems. To work in a three planet system, the first problem face is the identification of the eigenmodes. In a two-planet system, there are two natural apsidal co-precession states (aligned and anti-aligned 

and they compose the two eigenmodes. However, in a three-planet system, there are four natural states while the system can have only three eigenmodes. Depending

on mass ratios and orbital spacings, different sets of three eigenmodes are selected from the four natural states. 
The secular potential application has the potential to explain the observed significant 
non-zero eccentricities of the planets in systems. A further step will be the study

of systems with four planets with applications to the major planets in our Solar System. The possibility of damping of inclinations and eccentricities of the giant planets by

interactions can also be considered .

The solutions and applications for planetary systems with three or

four planets  have interesting results from this theory . This approach allows to learn what determines about orbital spacings, eccentricities and inclinations in planetary systems.
Simulation Results:
Spring –Mass system with no damping :

The spring mass system with no damping had been model and simulated in Simulink with an impulse signal an as input to the system. 
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Simulink Model for spring-mass system without damping
The equation of motion for spring-mass system having no damping is given as,
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ODE45 (Dormand-Prince) algorithm with relative tolerance of 10*e(-6) is used for simulations. Impulse force is applied at t=5s and total time for simulation is 30s.
	
[image: image65]


Impulse Input Signal
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Output Response: Oscillations
Spring-mass system with damping factor:

The equation of motion for spring-mass system with damping is given as,
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A term additional to k which constraints the position of body is also included.
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Output Response for Damped System

System is run with the same parameters as previous. As evident from the output response, because of damping, the oscillations die and body stabilizes after 20s. The settling time, natural frequency and maximum overshoot parameters are function of spring constant and damping factor of the system are given solution of second order equation (in laplace domain) as, 
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Conclusions:

A simple approach of the use of Perturbation theory in mechanical systems has been discussed and analyzed. The mathematics involved in this theory gets complicated for complex systems. This theory is applicable to many areas of science like Quantum Mechanics, Semiconductor Physics, High-Energy particle Physics, etc…
Formal perturbation theory provides a nice adjunct to the formal theory of celestial mechanics as it shows the potential power of various techniques of classical mechanics in dealing with problems of orbital motion. Due to the nonlinearity of the Newtonian equations of motion, the solution to even the simplest problem can become very involved.Nevertheless, the majority of dynamical problems involving a few objects can be solved one way or another. Therefore because of this nonlinearity that so many different areas of mathematics and physics must be brought together in order to solve these problems. 
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