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1.1 Predictability and Uncertainty
The essence of science is predictability. Halley’s comet will return to the vicinity of Earth in the year 2061. Not only can astronomers predict the very minute when the next solar eclipse will occur but also the best vantage point on Earth from which to view it. Such successes are possible because most of the basic laws of nature are deterministic, which means they allow us to determine exactly what will happen next from the knowledge of present conditions.

Since the 1970s science has been undergoing an intellectual revolution that

may be as significant as the development of quantum mechanics. It is now widely

understood that deterministic is not the same as predictable. An example is the

weather. The weather is governed by the atmosphere, and the atmosphere obeys deterministic physical laws. However, long-term weather predictions have improved very little as a result of careful, detailed observations and the unleashing of vast computer resources. The reason for this unpredictability is that the weather exhibits extreme sensitivity to initial conditions. A tiny change in today’s weather (the initial conditions) causes a larger change in tomorrow’s weather and an even larger change in the next day’s weather. Since we can never know the initial conditions with perfect precision, long-term prediction is impossible, even when the physical laws are deterministic and exactly known. It has been shown that the predictability horizon in weather forecasting cannot be more than two or three weeks.

This unpredictable behavior of deterministic systems is called chaos, and it has captured the imagination of the scientist and nonscientist alike. 
The first true experimenter in chaos was a meterorologist, Edward Lorenz, who in 1960 discovered it while working on a problem of weather prediction. 
However, the word “chaos" was introduced by Tien-Yien Li and James A. Yorke in a 1975 paper entitled "Period Three Implies Chaos". 

1.2 Chaos in Real World
Chaos can be seen in biological systems, which are of course some of the most chaotic systems imaginable. Disease, Political Unrest, War, Community Dysfunction are the good examples of instability. Chaos dynamics is also found in population growth, epidemics and arrhythmic heart palpitations. Almost any chaotic system can be readily modeled. The stock market provides trends which can be analyzed more readily than with conventional explicit equations; a dripping faucet seems random to the untrained ear. 
1.3    Bucks and Bugs

Now let us understand chaos by doing some mathematics. Suppose you have some money in a bank account that provides interest, compounded yearly. Let X represent the amount of money in your account. When the time comes for the

bank to credit your interest, its computer does so by multiplying X by some number. With an interest rate of 10%, the number is 1.1, and your new balance is 1.1 X. If your balance in the nth year is Xn (where n is 1 after the first year, 2 after the second, and so forth), your balance in the year n +1 is

Xn +1 = R Xn            (1)

where R is equal to 1.0 plus your interest rate. (R is 1.1 in this example.)

This equation is also applicable to some species of bug that lives for a season, lays its eggs, and then dies. The next year the eggs hatch, and the number of bugs is some constant R times the number in the previous year. If R is less than 1, the bugs die out over a number of years; and if R is greater than 1, their number grows exponentially. 
We know that exponential growth cannot go forever, whether it be bucks in the bank, bugs in the back yard or people on the planet. Eventually something happens, such as the depletion of resources, to slow down or even reverse growth. Mass starvation, disease, crime, and war are some of the mechanisms that limit unbridled human population growth. Thus we need to modify Equation (1) Perhaps the simplest modification is to multiply the right-hand side of Equation (1) by a term such as (1 - X), whose value approaches 1 as X gets smaller (much less than 1) but is less than 1 as X increases. Since the population dies abruptly as X approaches 1, we must think of X = 1 as representing some large number of dollars or bugs (say a million or a billion); otherwise we would never get very far! So our modified equation, called the logistic equation, is
Xn +1 = R Xn (1 - Xn)            (2)

Table 1-1 shows the successive iterates of X for X0 (n = 0) = 0.1, 0.2, 0.8, -0.1, 
1.1, 0.0, 1.0. The Equation (2) grows rapidly for few steps and then levels off at 
0.5.
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When X is less than 0, such as -0.1, or greater than 1, such as 1.1, iterates are negative and that they get larger and larger, eventually approaching minus infinity. The solution is unbounded and attracts infinity.

The region between X = 0 and X = 1 is called a basin of attraction because it resembles a bathroom basin in which drops of water find their way to the drain from wherever they start. 
X = 0 and X = 1 are fixed points, but are unstable because values either slightly above or slightly below zero move away from zero. Such unstable fixed points are sometimes called repellors. Chaos can result when two or more repellors are present.

The chaotic behavior persists up to R = 4. For R greater than 4, the solution is  

unbounded, and the iterates attract rapidly to minus infinity. The behavior described above can be summarized in a bifurcation diagram, as shown in Figure 1-1, in which the limiting iterated values of the logistic equation, after discarding the first few hundred iterates, are plotted for a range of R from 2 to 4. 


[image: image2]For R less than 3, we obtain fixed point solution and for R greater than 3, single solution splits into pairs of solutions. This is called Bifurcation or Period Doubling, which leads to chaos.
For R greater than 4, unbounded solution is obtained. It approaches minus infinity.

1.4 The Butterfly Effect
Chaotic processes exhibit extreme sensitivity to initial conditions; this is referred as Butterfly Effect. It was discovered by Edward Lorenz in 1960. The amount of difference in the starting points of the two curves is so small that it is comparable to a butterfly flapping its wings. Thus, it is hypothetically possible to say that, butterfly flapping its wings in Central Park can set off tornadoes in China. Just a small change in the initial conditions can drastically change the long-term behavior of a system. From this idea, Lorenz stated that it is impossible to predict the weather accurately. However, this discovery led Lorenz on to other aspects of what eventually came to be known as chaos theory.
1.5 Attractors

Attractors are the pinnacle and origin of chaos theory. An attractor is a 'set', 'curve', or 'space' that a system irreversibly evolves to if left undisturbed. It is other-wise known as a 'limit set'. There are four different types of attractors - The Point Attractors, Limit Cycle Attractors, Torus Attractors and Strange Attractors.
Point Attractors
The point attractor is the simplest way to bring order out of chaos. A point attractor is a fixed point that a system evolves towards, such as a falling book, a damped pendulum, or the halting state of a computer. 
In the figure, the arrows represent trajectories starting from different points but all converging in the same equilibrium state. 
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Limit Cycle Attractors

A Limit Cycle Attractor is a repeating loop of states. A planet orbiting around a star is an example of a periodic attractor. Also, an undamped pendulum and an infinite loop on a digital computer are examples of periodic attractors.

[image: image4]Limit Cycle Attractor
Torus Attractors

It is a system which changes in detailed characteristics over time but does not change its form. Such a system has a trajectory which will produce a path looking like the doughnut shape of a torus. Example, picture walking on a large doughnut, going over, under and around its outside surface area, circling, but never repeating exactly the same path you went before. The torus attractor depicts processes that stay in a confined area but wander from place to place in that area.
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Strange Attractors

An attractor in phase space, where the points never repeat themselves, and orbits never intersect, but they stay within the same region of phase space ia called a strange attractor. Unlike limit cycles or point attractors, strange attractors are non-periodic. The Strange Attractor can take an infinite number of different forms.
Examples of Strange Attractors 
Strange Attractors deals with the three body problem of stability. The Strange Attractor shows processes that are stable, confined and yet never do the same thing twice. It tends to produce a fractal (when lines in a picture have a dimension greater than two but less than three) geometric shape and is attracted to that shape. All strange attractors are fractals and demonstrate self similarity. Here are the few common Strange Attractors.

Lorentz Attractor
In 1960’s Edward Lorentz while attempting to simulate the behavior of the atmosphere came up with a strange shape known as Lorentz attractor. Lorentz's model for atmospheric convection consisted of the following three ordinary differential equations:
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A plot of the numerical values calculated from these equations using particular initial conditions can be seen in the picture. Starting from any initial condition the calculations will approach the paths displayed in the image, but the actual path is highly dependent on the initial conditions. 

The strange shape in the picture attracts points outside of it and as such is called an attractor.
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Rössler attractor 
The Rössler attractor is the solution of these 3 coupled non-linear differential equations: 

dx/dt = -y -z 

dy/dt = x + ay 

dz/dt = b + z(x - c) 
where a=0.2, b=0.2, c=5.7

The series does not form limit cycles nor does it ever reach a steady state. 

Instead it is an example of deterministic chaos. As with other chaotic systems the Rossler system is sensitive to the initial conditions.
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Henon’s Attractor
In 1970's Michele Henon  discovered a very simple iterated mapping that showed a chaotic attractor, now called Henon's attractor. It allowed him to make a direct connection between deterministic chaos and fractals.

It consists of two X and Y equations that produce a fractal made up of strands. As the image on the below shows, two main strands, that form a rough arc, are the main part of the fractal. Each strand visible contains an infinite amount of smaller counterparts within. This trait is called self-similarity at all levels. The equations are: 

xn = yn-1 + 1 - (1.4*sqr(xn-1))

yn = 0.3 * xn-1
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Some Pictures of Strange Attractors
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                   Ikeda Attractor                                               KAM Islands
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