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Classical Dynamics

There is one physical dynamical problem that is of concern to many from the realms of mathematics to mechanics. The reason for this interest is that this dynamical problem is one that concerns our solar system and the stability thereof. These questions have long concerned those inclined toward physics, mathematics and engineering since Newton proposed his laws. Whittaker commented that the n body problem was, “the most celebrated of all dynamical problem“ (Barrow-Green). And that it was. Over eight hundred papers were written on the subject during the nineteenth century Why so much ado? Because the problem is one that is intuitively simple at first glance, but when mathematics is applied for modeling, an underlying complexity arises. What is this confounded problem? It is the central force problem involving more than two bodies. How did the mathematical and physics communities ever come to a solution for it?


The story begins with the king of Norway/Sweden in the late 1800’s. King Oscar.

King Oscar was a different sort of king. He had spent time in the navy, joining at age 11(Barrow-Green). I’m guessing that this is what gave him the desire to learn about physics and math. I’m sure that this would be the case for anyone who spent a great amount of time with Norwegian and Swedish sailors. Some time after this he studied at the university of Uppsala. He became an acclaimed mathematics student; additionally he was a distinguished writer and musician (Barrow-Green). So what does this have to do with the n body problem?


Well, King Oscar and an acquaintance of his by the name of Gösta Mitag-Leffler, who was the editor of Acta Mathematica cooked up a plan to celebrate the King’s Birthday. The plan was to hold a mathematical competition in honor of the king’s birthday. The competition furthermore had the purpose of find results to pressing mathematical or physical problems of the day (Barrow-Green).


The contest was to be judged by an international jury of acclaimed mathematicians. The international jury was to consist of Mitag-Leffler, who would represent Acta Mathematia; Weierstrass, who would represent Germany; Hermite, Representing Belgium; Cayley or Sylvester, who would represent the English speaking world; and finally Brioschi or Tschebyschev, who would represent either the Italian or Russian world. As Leffler quickly learned, there were great problems with this plan. It turned out that very few of these individuals spoke a common first language. Furthermore, no pun intended, they were all a very great distance from one another. An attempt to communicate by mail would be disastrously slow. If all of these things could be overcome, there was the issue of intense rivalry between many of these individual. Rivalry so intense, in fact, that many of these great minds could not be in the same room together, not to mention agree on the merit of a single paper (Barrow-Green).


Mitag-Leffler assembled a jury, but not one that was consistent with the request of the king. His jury, instead, consisted of three men. Himself, Weierstrass, and Hermite. Mitag-Leffler had studied under both of the two, and Hermite and Weierstrass had great respect for one another. Hermite had such respect for Weierstrass that he commented to Leffler, “You have made a mistake monsieur, you should have taken the courses of Weierstrass in Berlin. He is the master of us all.” On top of all of this, all could communicate in a common language and didn’t mind traveling. Weierstrass, however, was quite aged and could travel much (Barrow-Green).


This brings us to Kronecker. Kronecker is worth mentioning because of his peculiar disagreeable nature. Kronecker was incensed at the fact that he was not considered for the jury. So much so that he sent numerous letters to Mitag-Leffler complaining, arrogantly extolling his own wisdom, and attacking the credentials of the others. Eventually, Kronecker showed his real reason for discontent when he personally attacked Weierstrass. It seem that it was his intense rivalry for Weierstrass that angered him so (Barrow-Green).


With the Jury finally assembled it was time to structure the competition. It was agreed that they would choose four questions to be chosen. The questions were these: The first was the question of the n body problem. To find a general solution to the equations of motion. Next was the detailed analysis of Fuchs differential equations. Then there is investigation into first order non-linear differential equations. Lastly, the study of algebraic relations connecting Poincaré Fuchsian functions with the same automorphism group (Barrow-Green). 


Whoever could come up with a paper of great merit regarding these topics or a self chosen topic would win a handsome sum two thousand five hundred crowns, which amounts to half of the salary of a full professor at that time. Favoritism would be given to a paper of the chosen topics, should two papers of equal merit, one from the topic and one a self-chosen, be submitted (Barrow-Green). 


The contestants were to remain anonymous, only to be revealed be a motto inscribed on their paper. However, because of their style, complaints and hints written on their papers, several of these were identified. The first identified was Henri Poincaré. He was suspect because of the length of his submission. It totaled a whopping one hundred fifty-eight pages when published.  The next identified applicant was Paul Appell. He was identified because of his cover letter from himself. Next Guy de Longchamps was identified. He was identified mainly because he so fervently complained, in the arrogant style of his contemporaries (Kronecker), about not being chosen as the winner.  Jean Escary, professor at the military school at La Fléche was also identified. Lastly Cyrus Leg a part of “a band of indefatigable angle trisectors” was identified (Barrow-Green). 

Amazingly enough, there were only twelve entries to this “international competition. Of these one stood out as the obvious winner. This was Henri Poincaré’s paper over the n body problem. Not only was his the longest and most substantial of the entries, but also its significance was immediately recognized by all of the jury. Needless to say, his was chosen unanimously as the winner.

Even though Poincaré’s paper was of such significance, it was not without its problems. The problems were that of the jury understanding the paper. Hermite commented,

It must be acknowledged, that in this work, as in almost all his researches, Poincaré shows the way and gives the signs, but leaves much to be done to fill the gaps and complete his work. Picard has often asked him for enlightenment and explanations and very important points in his articles in the Comptes Rendes, without being able to obtain anything, except the statement: ‘It is so, it is like that’, so that he seems like a seer to whom truths appear in a bright light, but mostly to him alone (Barrow-Green)
.

This left Poincaré as almost a mathematical prophet. Leffler, in an attempt to understand Poincaré’s work, asked about several of the difficulties. Poincaré responded with another 93 pages of notes.

Poincaré’s paper was not entirely on topic as he chose to approach the n body problem from a modified point of view. He wrote over what is commonly referred to today as the restricted three-body problem. Let us now delve into the central force problem (Goldstein).



The central force problem with two bodies is a relatively simple problem originally solved by Newton, easy enough for a man of his genius. For the rest of us a little tougher, but still possible. The method is to reduce the system to a one-dimensional system and solve a few equations (Goldstein). This is all well and good, but what about those multiple body systems? How in the world are we going solve them, you might ask. Well we can’t solve them, but we can analyze them or come up with an approximate solution.


The first step is to set up the problem in a conceptual and mathematical framework. To see if we can come up with some equations of motion, impose some parameters and some symmetry. Basically, were going to do what physicists do best, make the problem a little easier.

We will first impose some restrictions as Poincaré did when he approached the problem in. In his own words, 

I consider three masses, the first very large, the second small, but finite, and the third infinitely small: I assume that the first two describe a circle around the common center of gravity, and the third moves in the plane of the circles (Barrow-Green).

A physical example,

An example would be the case of a small planet perturbed by Jupiter if the eccentricity of Jupiter and the inclination of the orbits are disregarded.


Let us first define the term that we will be using:
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We then set up our equations of motion using Newton’s laws of gravitation.
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(Barrow-Green).
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Now, after using Newton’s laws of gravitation to set up the eqations of motion, we will choose 
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. We can then set up the Hamiltonian as 
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. We now have a system of eighteen first order differential equations, which is entirely too many equations for anyone in their right mind. This is now the time to start reducing. To reduce, first multiply the system by the mass, which will give Newton’s second law. Next integrate the system twice to obtain the expression 
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. This expression yield a constant for the sum of the masses times the position, which can be interpreted as constant motion for the center of gravity or it is at rest. Now we multiply the first and second set of the system by a cyclic permutation of the position then sum to obtain 
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. With a cyclic permutation of the variable we get,

A few more steps yield 
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. Now we have a system of nine equations, which can be reduced to three by using the dependent variable as an independent variable and then an elimination of nodes. Finally the system is manageable and can be analyzed (Barrow-Green) (Whittaker).


From here there are several approaches to be taken to estimate a solution. The first is a particular solution, second, a series solution, and finally a periodic solution. The particular solution is the solution that Euler and LaGrange both did extensive work with. The idea is to impose a symmetry upon the three-body system. This symmetry will then allow a solution to be found, but only for that symmetry. Euler came up with the idea of keeping the geometry of the system in a straight line. This is called the collinear solution. Lagrange did some work with this solution and invented one of his own, the equilateral solution. In this particular solution, the geometry of the system stays in that of an equilateral triangle (Goldstein).

The series solution is the one that had been the most exhaustively studied, by just about all of the notable mathematicians of that era. The idea is to solve the system of equations using series, mainly a trigonometric series. 

Lastly there is the periodic solution. In the periodic solution, there is dependence upon initial conditions. This is the solution that Poincaré developed. And the one that we will discuss here is a periodic solution that takes the form of 
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 (Barrow-Green). 
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After defining a periodic solution Poincaré tried to find a general solution for the system using a Trig series of the form:
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For the system of differential equations:

With n2 coefficients 
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Then a linear combination of the original solution[image: image25.wmf](

)

(

)

p

y

p

y

2

,...,

2

.

1

.

1

+

=

+

=

t

x

t

x

n

i

n

i

:

[image: image26.wmf](

)

(

)

(

)

t

x

A

t

A

t

x

k

n

n

i

k

i

k

i

.

.

.

1

1

.

.

,...,

2

y

p

=

+

The system is then set up in an eigenvalue equation with S being the root. We define a constant B such that.
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This is expanded into a trig series for a final solution of:

Again, this is merely one solution that relies on one particular set of initial values. This is a point where we could take a diversion into this leading into chaos, but we will save that for another time. The real beauty of Poincaré’s work was not just this one little solution for the three-body problem, but the wealth of theorems, lemmas, and corollaries that apply not only to this one problem, but also throughout mathematics and dynamics. Poincaré also went further into the generalization of the solution so that the solution could be applied to any n body problem (Barrow-Green).


Let us now consider what we have just partaken in. We have seen the development of a solution to the three-body problem through the contest held in honor of a king’s birthday. In spite of all of the arrogance of the day’s acclaimed mathematicians, the problem was solved by a humble man with a great determination. It is quite amazing how these things come together to influence the science for centuries to come.
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