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                                                What exactly is chaos? In simple words,  it is the idea that it is possible to get completely random results from normal equations. Chaos theory also covers the reverse: finding the order in what appears to be completely random data.  While randomness is being around for a while[1], the first true experimenter in chaos was a meteorologist, named Edward Lorenz. In 1960, he was working on the problem of weather prediction. He had a computer set up, with a set of twelve equations to model the weather. It didn't predict the weather itself. However this computer program did theoretically predict what the weather might be. One day in 1961, he wanted to see a particular sequence again. To save time, he started in the middle of the sequence, instead of the beginning. He entered the number off his printout and left it to run. When he came back an hour later, the sequence had evolved differently. Instead of the same pattern as before, it diverged from the pattern, resulted in  wildly different from the original. (See figure 1.) Eventually he figured out the problem. The computer stored the numbers to six decimal places in its memory. To save paper, he only had it print out three decimal places. In the original sequence, the number was .506127, and he had only typed the first three digits, .506. 





By all conventional ideas of the time, it should have worked. He should have gotten a sequence very close to the original sequence. A scientist considers himself lucky if he can get measurements with accuracy to three decimal places.  The fourth and fifth, impossible to measure using reasonable methods, can't have a huge effect on the outcome of the experiment. Lorenz proved this idea wrong. This effect is known as the butterfly effect. The amount of difference in the starting points of the two curves is so small that it is comparable to a butterfly flapping its wings. 

The flapping of a single butterfly's wing today produces a tiny change in the state of the atmosphere. Over a period of time, what the atmosphere actually does diverges from what it would have done. So, in a month's time, a tornado that would have devastated the Indonesian coast doesn't happen. Or maybe one that wasn't going to happen, does. (Ian Stewart, Does God Play Dice? The Mathematics of Chaos, pg. 141) 
                               This phenomenon, common to chaos theory, is also known as sensitive dependence on initial conditions. Just a small change in the initial conditions can drastically change the long-term behavior of a system. Such a small amount of difference in a measurement might be considered experimental noise, background noise, or an inaccuracy of the equipment. Such things are impossible to avoid in even the most isolated lab. With a starting number of 2, the final result can be entirely different from the same system with a starting value of 2.000001. 
                        We should point out that random, chaotic and nonlinear systems exhibit totally different behavior. For example all chaotic systems are nonlinear but all nonlinear systems are not chaotic. A nice introduction to chaos can be found in the class lecture notes.[1]. In this paper, I will try to show a totally different way to represent systems that exhibit chaos. We already studied[1,2] rigorously simple pendulum and double pendulum. Where we have derived equation of motion for simple pendulum, nonlinear simple pendulum and double pendulum. We have seen that using phase space, one can show how the double pendulum exhibits chaos. In this paper we will use power spectrum method which is fairly recent to show that double pendulum exhibit chaos. I have developed a program which reads in a interface traced out by a pendulum and calculates power spectrum. Using a theory developed in 1997, I will show that interface of double pendulum is turbulent and hence chaotic. Before getting into detail of that calculation let us first understand the underlying theory.
                       One way to look at a signal is in the discrete time domain, which puts a series of values consecutively in time. In this way we can tell something about the behavior of the signal at every moment in time, and can also make some simple statements about its long-term behavior. However, it is rather difficult to say anything about how the long-term behavior is related to the short-term development of the signal. Another way to look at a signal is to view its spectral density (i.e., the Fourier transform of the signal). The Fourier transform views the signal as a whole. It swaps the dimension of time with the dimension of frequency. One can think of the Fourier transform as a combination of slow and fast oscillations with different amplitude. A very strong and slow component in the frequency domain implies that there is a high correlation between the large-scale pieces of the signal in time (macro-structures), while a very strong and fast oscillation implies correlation in the micro-structures. Therefore, if our signal f(t) represents values in every single moment of time, its Fourier transform F(ω)represents the strength of every oscillation in a holistic way in that chunk of time. These two signals are related to each other by the following formula:
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One can think of the time domain function as how one listens to a melody and the frequency domain function as how one listens to a chord. Even though the situation in musical communication is not as simple as that (i.e. the time scales in which we listen to melodies and chords are different), this metaphor can give us a starting point in understanding this analysis. 

                       In the Fourier transform, oscillations are characterized with sinusoid functions. Auditorily speaking, these functions are the purest sounds one can create (i.e. they are ``clean as a whistle''). The average value of any smooth oscillation, fast or slow, strong or weak, is zero. If we use the square of the values in time we can study the power of these oscillations in the same way we studied the original signal (i.e. take its Fourier transform). Parseval's theorem for energy signals states that: 
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The Fourier transform analysis assumes the life of a signal from-[image: image3.png]
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. For that reason when an analysis is carried out for a finite amount of time, it is either assumed that the signal is periodic or that it has a finite amount of energy. A true power spectrum of a signal has to consider the signal from-[image: image5.png]
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. However, we are not always able to observe a signal that way or derive precise functions for it. We can define equation 4.6 which is the fourier transform of the signal in period T, and define the power spectrum(PSD) as the following: 
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Now that we have defined power spectrum let us correlate this to the interface traced out by a pendulum. PSD analysis correlates the vertical amplitude with spatial frequency. In 1 dimensional case, the IDPSD is given by
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The scaling behavior can be found form PSD [10]. In general, a self affine surface exits power law decay(3)
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Where C is a constant and γ is related to the static exponent α by α = (γ-d)/2 . In our case the line scan has dimension 1. Here we used f and ω is used interchangeably. So now the question is what does this mean? For a simple or nonlinear system the power spectrum should exhibit only one slope. Whereas for the chaotic system, the system should have several slopes. Which means a single equation is not governing the system. Therefore, the system is turbulent. Figure 1 and 2 are the typical double and simple pendulum. Watch for the double pendulum the second mass is responsible for chaotic path. 
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       Figure 1: A typical double pendulum in motion
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Figure 2: A typical simple pendulum in motion.
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  Figure 3: Typical interface traced by each pendulum with time.

                 Figure 3 shows the interface(path or domain) traced by different pendulums. Now these are in image form.  We use this path trace to feed into my program. The white part reads in as 0 but the dark lines as 256. Hence the path is totally feed in into the power spectrum program. 
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           Figure 4: PSD analysis of figure 3.

                        Figure 4 shows power spectrum of the paths traced by different pendulums. For the first two cases we observe only one slope. The nonlinear case is little more scattered then the simpler ones but still one slope is enough to describe the system. If we observe the double pendulum, there are at least 3 distinct slope with a negative slope. Hence, the double pendulum exhibit chaos. For all the cases, we find that the value of alpha to be negative, indicating these systems can be described by 2nd order differential equation given by[4],
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For the first two cases the λ and ν terms play little role, describing the interface. η describes any nonlinearity in the traced path and h is the interface or path traced. We will not get into the detail since the actual topic requires more rigorous mathematical formulation. In, short we have shown a simple method to identify if a system exhibits chaos or not. The method is rich and powerful because of its capability of predicting the possible equations governing the systems which can be easily solved numerically with modern computers.
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