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Introduction


When studying classical dynamics at the undergraduate level, much of the material revolves around Newtonian mechanics in which we assume an inertial reference frame, and motion in at most three dimensions.  We use Newton's laws to describe the motion of particles, often with the help of calculus.  However, to a student of modern physics there is a knowledge of relativity; a knowledge of a four-dimensional conceptualization; a knowledge of space-time.  What is the relation of Newtonian mechanics in this new conceptualization?

The History of Space-Time


Space-time is a concept of special relativity.  It is convenient to think of space time in four dimensions, the three Cartesian coordinates, as well as a fourth time based coordinate.  Thinking of space-time in a cartesian sense implies that for something to be physically meaningful, it must be invariant under a rotation of the coordinate system.  This invariant vector in space-time is called a four-vector.  Space-time can be defined in terms of world lines and events.  World lines are the "histories" of particles and events are crossings of world lines signifying encounters between particles.  In this view, space-time is the four-dimensional space in which all the world lines exist, and cross at points or events.  A straight world line describes an unaccelerated particle, while a curved world line describes an accelerate one.

Newton's View


In his work De gravitatione, Newton states "[space] is eternal, infinite, uncreated, uniform throughout, not in the least mobile, nor capable of inducing change of motion..."  (Newton, De gravitatione, pg 145) In other words, Newton considered space to be homogenous and isotropic.  Newton also considered time to be homogenous.  Thus, Newtonian space-time can best be described as the addition of one-dimensional time and three-dimensional space.  This view is often called "enduring space."  This can be visualized as a series of three dimensional planes, each comprised of a collection of simultaneous events.  Enduring space is thus an infinite series of spatial planes.  Newtonian time is just the distance between these planes.
Newtonian Mechanics Revisited

If Newton's laws completely described motion, it would be possible to achieve speeds greater than that of light.  Special relativity forbids such speeds.  Thus the laws of motion in four vector space-time clearly differ from Newtonian laws.  The nature of space-time itself calls for a revision of the concepts of mass, momentum, force and energy.  Newtonian mechanics must be resolved into relativistic terms.
Mass


In Newtonian mechanics, the mass of an object is important because its energy and momentum are proportionate to its mass.  The mass is independent of the motion of the observer measuring it.  In relativistic mechanics, the mass of an object depends on the relative motion of the object and the observer taking the measurement.  In Newtonian mechanics, mass is a conserved quantity, while in relativistic mechanics it is the sum of mass and energy that is conserved, since each can be converted to the other.

Momentum


In Newtonian mechanics momentum is important because it underlies the laws of conservation for dynamics.  When no forces act on a body momentum is conserved.  When a collision occurs, total momentum is conserved.  In relativistic mechanics, it is not momentum that is conserved, but rather a vector called the relativistic three momentum, which is defined as π = mγ(v)v rather than p = mv; where γ(v) = {1-(v/c)2}-1/2.
Total mass is conserved in Newtonian mechanics; however, in order for mass to be conserved in relativistic mechanics we must redefine mass so that it depends on the velocity relative to the observer.  Thus m = γ(v)m0; where γ(v) = {1-(v/c)2}-1/2.  Experimental evidence has determined that these relativistic analogs of momentum conservation correctly describe real systems.
Force


In Newtonian mechanics the force acting on a body is the time rate of change of the momentum of that body.  The relativistic analog of Newton's Second Law is that the force acting on a body is the time rate of change of the relativistic momentum of that body.  Therefore F = dπ/dt rather than F = dp/dt. The relativistic force law is also supported by experimental evidence, and shown to model real systems.  The important difference between the Newtonian force law and the relativistic one is that Newton considered mass constant and thus any speed could be reached with enough force.  With the relativistic force, even an arbitrarily long acceleration will not enable the particle to accelerate past the speed of light.  This is because the effective mass of the particle diverges at the speed of light, and so the momentum also diverges.  So as inertial mass increases without limit, so does the force required to increase the particle's speed.
Energy


Energy is conserved in Newtonian mechanics.  However, in Newtonian mechanics energy and mass are considered independent.  In relativistic mechanics they are related by E = mc2, where c is the speed of light.  This relation implies that the relativistic three-dimensional momentum conservation law and the one dimensional energy conservation law may be written together as a single four-dimensional law of energy-momentum conservation.
Transformations

Given the nature of space-time and the dependence on relativity, it is useful to be able to reduce observations from several reference frames into a common reference frame.   The Lorentz transformation accomplishes this by changing the velocity so that one system's coordinates describe an event in terms of the other system's coordinates.  The Lorentz transformation can be summarized as follows:

x1' = (x1-vt)(1-(v/c)2)-1/2



where xi is a direction and t is time
x2' = x2
x3' = x3
t' = [t-(vx1/c2)] (1-(v/c)2)-1/2 
The Lorentz transformation unifies time dilation, length contraction, and simultaneity in a single relation.  The inverse of the Lorentz transformation is also physically valid.  The Lorentz transformation and its inverse can be used to find relations between any space, time or velocity measurements made by different observers.  When the velocities involved in the transformations are small compared to the speed of light, the transformations reduce to the Newtonian results.

Flat Space-Times


With a basic understanding of space-times and relativistic mechanics it is possible to understand some cosmologies in flat space-time.  A model universe is defined in terms of fundamental world lines, and fundamental observers.  It includes a representation of the average motion of matter at each point in space-time.  Observers moving with this average motion of matter are fundamental observers and world lines representing particles or observers moving with this motion are fundamental world lines.  There are several such universe models based on the symmetries of flat space-time.  Examples of these models include the Minkowski universe, the Rindler universe and the Milne universe.

The four-dimensional Minkowski universe is the simplest kind of universe model. It is static, has a uniform distribution of matter in a flat space-time without beginning, end or spatial limit.  This model does not correspond to the real universe, however understanding the Minkowski universe aids in understanding some curved space-time universes.

The two-dimensional Rindler universe is based on the fact that length and time measurements are invariant under Lorentz transformations for flat space-time.  This model also displays some of the essential features of a black hole.  In a Rindler universe the difference between the world lines in their surfaces of instantaneity remains constant for all times.  Therefore the density of matter will be constant on the world lines, and they will seem to be surfaces of homogeneity.  Since the world lines in this model are not straight lines, each observer or particle is in a state of constant acceleration.  These world lines will get closer and closer to the speed of light, but will never reach it.  The Rindler universe model is more applicable to reality than the Minkowski universe, but does not model reality exactly.

The Milne universe consists of fundamental world lines which all pass through an origin O, and represent an expanding universe.  All world lines are equivalent to each other and all space and time measurements are invariant.  Thus this model obeys the cosmological principle that all the fundamental observers are equivalent to each other.  In the Milne universe all world lines have the same spatial separation.  Since they are uniformly spaced in a surface, the density of matter in that surface is constant and that surface is homogeneous.  According to this universe model, the spatial distance between any two fundamental world lines varies linearly with the proper time.  A consequence of this is that every galaxy is receding equally from every other galaxy.  The Hubble constant, which is the rate of expansion of the universe, can also be derived within this model.  Thus this model is the most accurate of the universe models mentioned here in describing the real universe because it accounts for expansion. 
Curved Space-Times


In curved space-times gravitational fields are represented as space-time curvature.  Gravitational fields of massive objects not only curve paths of other objects, but bend light as well.  An important concept in curved space-time is Einstein's principle of equivalence, which states that there is no way of distinguishing between the effects on an observer of a uniform gravitational field and of constant acceleration.  Another important aspect from the general theory of relativity is that the laws physics are the same for every observer, independent of their state of motion.  It is important to use curved space-times instead of flat space-times which vary in acceleration because gravitational fields are non-uniform.  The simplest cosmological models are obtained by assuming that the large features of the universe are spatially homogeneous and are isotropic about the observer.  This approximation is only good for the large scale.  Einstein detailed curved space-time universe models and from his equations one can determine the equations for the time evolution of the universe.  Einstein's model (which won't be detailed here due to its nature and complexity) is widely accepted now and perhaps most accurate at describing the universe as we know it.
Conclusion


With a basic understanding of Newtonian mechanics and relativity, one can resolve the Newtonian concepts of mass, momentum, force and energy into their analogs in relativistic mechanics.  It is then possible to understand space-time in terms of relativistic mechanics.  Space-time is important because it provides a more complete physical view of the universe.  It is important in physical models of the universe which are at the forefront of thought today.  Both flat and curved space-times provide useful models, however the most physically relevant models are based on curved space-time which take gravitational fields into effect. 
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