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Abstract:


The differential and total scattering cross sections are widely used experimental tools in the study of atomic and subatomic physics.  The scattering cross section is used to relate the impact parameter to the scattering angle of a particle that has experienced a collision with the force field of another particle.  The equations used in the derivation of the scattering cross section can be used to build relations between measurable and immeasurable quantities in a laboratory experiment.  By bombarding atomic and subatomic objects with subatomic particles such as electrons, neutrons or protons, a great deal of information may be obtained about the structure of these objects.  

Scattering Cross Sections and the Rutherford Formulas

Introduction:


A scattering cross section into which particles are scattered during the collision with the force field of another particle was first developed by Ernest Rutherford.  The idea behind the scattering cross section is that a mathematical relationship can be derived which will relate the probability that particles will be scattered into a given angle.  It is important to understand the derivation of the scattering cross section, because much of its importance comes from the equations that take form during the derivation.  Once the equations governing the scattering cross section have been formulated, it is then necessary to understand Rutherford’s experiment and equations.  The usefulness of scattering cross sections in atomic and subatomic physics can be realized from the Rutherford model.  

History:


By the start of the 20th century, Sir Joseph John Thomson had developed the “plum pudding” model of the atom.  Thomson suggested that an atom was comprised of a sphere of positive charge into which electrons were embedded, like raisins in a loaf of raisin bread or plums in a bowl of plum pudding.  


In 1909 British scientist Ernest Rutherford along with Hans Geiger and Ernest Marsden, performed experiments to test the Thomson model of the atom.  Rutherford’s experiment included firing a beam of alpha particles at a sheet of gold foil.  In order for Thomson’s model to hold true the alpha particles could not be deflected by more than a fraction of a degree.  However, Rutherford saw large deflection angles for the alpha particles.  According to Rutherford, this proved that the atoms contained particles that were at least as heavy as the alpha particles themselves.


With the results of his experiments, Rutherford proposed a model of the atom which included a dense nucleus.  Through the idea of a scattering cross section for a particle encountering the force field of another particle, Rutherford was able to develop his scattering formula for the Coulomb potential.  This formula not only predicts the angle at which charged particles will be deflected, but also provides a means for estimating nuclear radii.  

Mathematics and Physics Behind Scattering Cross Sections in the Center of Mass Reference Frame:


To understand the ideas behind scattering cross sections, it is first necessary to understand the physics behind a particle moving in a central-force field.  


It is known and can be derived from Langrangian dynamics applied to a particle moving in a central force field that the angular momentum of the particle is conserved:

[image: image56.wmf]1

v

¢


[image: image1.wmf]constant

2

=

=

q

m

&

r

l

 or 
[image: image2.wmf]2

r

l

m

q

=

&


  where 
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is the reduced mass of the system of particles.

In the absence of dissipative forces the total energy of the system must also be conserved:
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By substituting the value of the angular velocity found from the conservation of angular momentum, the energy takes the following form:
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This equation may be solved for the radial velocity:
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From the chain rule:
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It follows that from Equations (1), (4), and (5):


[image: image9.wmf]ò

÷

÷

ø

ö

ç

ç

è

æ

-

-

÷

÷

ø

ö

ç

ç

è

æ

±

=

2

2

2

2

2

)

(

r

l

U

E

dr

r

l

r

m

m

q


From Equation (4), the radial velocity vanishes at the roots of the radical.  This indicates at these points the particle is experiencing a turning point.  These two roots represent the maximum and minimum radii achieved by the orbit.  The angular change in the orbit is twice that which would result from travel from the minimum to the maximum:
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This final equation will be used in the analysis of the scattering angle experienced by a particle as it approaches the central force field.  


The differential scattering cross section is defined as the number of interactions per target particle that lead to scattering into an element of the solid angle at a given angle divided by the number of incident particles per unit area.  This figure illustrates the interaction in a center of mass reference frame:


[image: image11.png]




The following analysis is done in the center of mass reference frame.  In the above Figure 1.1 an incident particle with impact parameter b is deflected through an angle θs into a detector at a great distance L from the scattering center O.  The differential surface area of the detector is represented by ds.


The solid angle through which the particles are deflected in Figure 1.1 will be represented as 
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 and may be obtained through the following relationship.  It is important to look Figure 1.1 to understand the relationship between the differential surface area and the deflection angle.
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Since the force is considered to be a central force, it must possess axial symmetry eliminating the azimuthal angle from the previous relationship:
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This defines the solid angle for scattering in the differential cross section analysis.


The probability of scattering into the solid angle 
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for a unit of area of the incident beam is:
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Where 
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is the differential cross section, dN is the number of particles scattered into 
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per unit time, and I is the intensity of the beam (the number of particles per unit time passing through a unit area normal to the beam.) 


From Figure 1.1 the incident particles pass through a ring of area:
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The number of particles passing through this ring must be equal to the number of particles passing through the differential area of the detector, dN. 
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This gives the equation for the differential cross section:
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where the equation is negative because an increase db in the impact parameter means less force is exerted on the particle resulting in a decrease in the scattering angle.


Now a closer look at the deflection of the particle is required to determine the dependence of the scattering angle on the impact parameter.  The following figure illustrates the scattering of the particle just at the scattering center.
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Figure 1.2

From this figure it can be seen that the scattering angle is equal to 180˚ minus twice the angle 
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.  Therefore if the angle  can be solved for, then the angle θ will be known.  From Equation 7 the angular change of the orbit in the central field problem is equal to the angle in Figure 1.2.  The integral will be from rmin to 
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, since the orbit is of a hyperbolic form.  The value rmin is as stated previously the root of the radical in Equation 4.  This corresponds to the turning point or distance of closest approach for the particle.  Therefore, an equation can be derived that gives  as a function of the impact parameter only:
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Now by making use of the equations that relate the angular momentum and kinetic energy of a particle to the impact parameter b (
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), an equation is derived that explicitly relates the impact parameter and scattering angle when the potential and kinetic energies are known or can be solved for.
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where E=T0  because the total energy must equal the kinetic energy at 
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 where the potential energy is equal to zero. 


This equation along with the others derived in this analysis can be used to relate the impact parameter and scattering angle of a two particle system undergoing a central force field collision in the center of mass reference frame.  

Conversion from Center of Mass to Laboratory Reference Frame:

Since laboratory measurements are made in the reference frame of the lab itself and not the center of mass reference frame, it is now necessary to derive the equations that will allow for conversion from one reference frame to the other.  The following figure will be helpful in identifying the parameters that connect the two reference frames:





Figure 1.3


Figure 1.3 represents an elastic collision in which there is one trajectory.  The lower case v’s represent the velocity of the particle in two different reference systems before the collision and V represents the resultant velocity.  The center of mass velocity is represented by a prime variable.  


The total number of particles scattered into the solid angle must be the same in both reference frames.  Now using prime variables to represent all variables in the center of mass coordinate system:
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In order to obtain the proper conversion Equation 16 must be solved for 
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Now from the Law of Sines and Figure 1.3:
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From conservation laws the following relate the mass and velocity of the particles in the two reference frames:
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By combining Equations 18 and 19:
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The value of 
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is constant meaning 
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By taking the partial derivatives of Equation 20 and combining these derivatives and all like terms the following is obtained:
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After some mathematical manipulation the equation can be solved for a usable relation between the center of mass and laboratory reference frames:
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The Rutherford Scattering Equation and the Coulomb Potential:


While much of the discussion thus far has been mathematical, it is important to understand these mathematics to use the idea of scattering cross sections in a practical manner.  One of the most notable uses of this idea comes from the Rutherford scattering equation.  


By using the method outlined in the mathematics portion of this paper, it is fairly simple to derive an equation for the scattering cross section of a particle experiencing an interaction with a nucleus.  The equation for this cross section is:
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where 
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 is the permitivity of free space.


This equation can be rewritten in a more functional form .  In this form parameters are either a property of the material or can be measured experimentally.  The following represents the number of particles per unit area striking the detector:
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where 
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N

is the number of incident alpha particles, 
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is the number of atoms per unit volume in the target, L is the thickness of the target, Z is the atomic number of the target, e is the electron charge, k is Coulomb’s constant, r is the target-to-detector distance, T is the kinetic energy of the alpha particles, and θ is the scattering angle.

While this formula can prove to be a valuable tool in predicting scattering of particles entering a Coulomb potential, its real experimental value comes from a particle’s departure from this formula.  The following depicts the departure of the Rutherford formula for scattering 208Pb:
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This data is important because it allows for the calculation of the radius of the lead nucleus.  With alpha particles at high enough energies, the particles gets close enough to the nucleus to become effected by the nuclear strong forces and cause the departure.  The energy of the particles that begin to depart from the Rutherford equation can then be used to calculate the impact parameter and distance of closest approach to the nucleus.  The value of the distance of closest approach can then be used to estimate the nuclear radius.  


The following equations were derived from the scattering cross section equations and can be used to find the impact paramater b and distance of closest approach rmin:
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It can be seen that once the impact parameter is solved for in Equation 26, then Equation 27 can be used to find the distance of closest approach.  The value of the velocity of the alpha particles must be solved for from the energy that caused the departure from Rutherford’s equation, because this is the energy that allowed the particles to punch through close enough to the nucleus to cause the departure.  This means that the distance of closest approach is approximately the radius of the nucleus.

Conclusions:


The idea of scattering cross sections seems mostly mathematical at first glance.  However, the use of the idea and the equations governing scattering cross sections can be used to solve for other parameters that cannot be measured directly in a laboratory.  


Rutherford’s experiment completely revolutionized ideas about the structure of the atom.  Rutherford’s discovery of the nucleus laid the foundation for the modern atomic model.  While this discovery had a great impact on scientific history, the equations developed by Rutherford continue to provide valuable tools for laboratory measurement.
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Figure 1.1
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Figure 1.4
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