Chris Cowden
Chaos in the Double Pendulum

While studying celestial mechanics, Henri Poincare first recognized what is today known as the theory of chaos.  The idea of chaos has been an interesting topic of study.  It requires an advanced knowledge of mathematics and science.  It has been dramatized in movies and used to study practical problems.  In a chaotic system, there is no way to tell what the future holds, because there is a close correlation to the system’s initial conditions and the time evolution of the system, i.e. each instant depends closely on the instant before.  These types of systems can only be solved numerically, because they lead to complex nonlinear differential equations.  There are several common examples of chaos: forced pivot pendulum, coupled pendulum and magnetic pendulum.  Another, more complex, yet well known example is weather patterns.  However, this discussion will mainly deal with the double pendulum and finding a mathematical solution for this type of system.  

Chaos allows an explanation for what seems to be completely irregular motion.  It explains how something governed by simple laws can act in an extremely complex manner that seems to have no order.  Despite this powerful aspect of chaos, this theory has several shortcomings.  For one, though chaos explains why there are such complex solutions to certain systems, it can go no further.  It is usually an explanation after the event.  Chaos has also set bounds on what is possible to analyze.  A reliable prediction of the weather may never exist, because weather patterns are chaotic and rely on several conditions that may be difficult to measure accurately.  Therefore, precise predictions are impossible.        


Even though chaos was first noticed in the late nineteenth century, it wasn’t until the advent of computers that chaos could be really studied.  This is because chaos involves complex nonlinear differential equations that can only be solved numerically.  These methods would be extremely time consuming for a human trying to complete the necessary iterations of a particular method.  There are qualitative methods to analyze general properties of the equations that can be very useful if analytical methods are practically impossible.  However, these methods do not lead to the desired solution of the equations.

The double pendulum, even when visually studied in a totally qualitative manner, quite obviously exhibits chaos.  The two pendulums show very irregular and strange behavior, though they are both governed by simple laws of nature.  An experimental setup of this system can be easily constructed.  To begin, the support must be rigid enough to stop the entire system from oscillating with respect to the table or ground, i.e. the system support cannot move.  Ball bearings may be employed to reduce the friction at the points of rotation.  However, such an experimental double pendulum may be very difficult to find a solution that compares with laboratory results, because the initial conditions of the pendulum can be difficult to measure with 100% accuracy.  The reason the results may not compare is because the error in the measurements of the initial conditions allow enormous alterations in the time evolution of the system because an infinitesimal change in the initial conditions can change the entire course of motion.  A good example of this type of separation, due to initial conditions, can be found at   http://www.physics.usyd.edu.au/~wheat/dpend_html/dpend.html.  Despite this hardship, many experimental setups are available and are excellent qualitative examples of chaotic motion. 
 The figure below shows such an experimental apparatus.
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    (Nagashima, pg. 11)


For a theoretical analysis of the double pendulum, an ideal case to be studied is the following one, where friction or resistive forces leading to a dissipative system are neglected and where each pendulum is made up of a mass and a weightless inextensible rod connecting each mass to its pivot point.  The general case is taken in which the masses are not equal, and the two rod lengths are unequal.  Equating these quantities does not simplify the solution in the sense that these quantities are constants and can be combined into other constants later on in the analysis.  Lagrangian dynamics is preferred to solve this problem.  Using Newton’s methods, one would have to find the force acting between the two pendulums and bring the relative motion of the dependant pendulum with respect to the fixed axis of rotation pendulum into the analysis.  This, though it would greatly complicate the equations of motion, would theoretically lead to the same result and conclusion given one’s ability to solve that problem.  This solution uses the generalized coordinates θ1 and θ2.  
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 (Nagashima, pg. 141)

The above schematic illustrates the problem.  It also defines other abbreviations such as the lengths of the strings l1 and l2, as well as the masses m1 and m2.  Starting with the Lagrangian.
L = T – U

Resolving the Cartesian coordinates x and y into the generalized coordinates, the following expressions are found.
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Then by putting the above expressions into the equations for potential and kinetic energy, the following is found.
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Unfortunately, here a simple notation of placing dots over variables of a time derivative cannot be used.  Instead conventional long hand d/dt is used to signify time derivatives.  Now that the proper Lagrangian is formulated; Euler’s law can be used to find the equations of motion.
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This gives rise to two nonlinear partial differential equations.  The solution of which must be analyzed by the above mentioned numerical methods and such programs as Matlab and Mathematica.  The two equations are given below.
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Nagashima takes these results and renders an excellent graphic depicting the systems motion.  To see this author’s Mathematica program for solving this problem see the attached appendix.
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 (Nagashima, pg. 141)

The same author also finds the system Poincare section plot, given below.
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 (Nagashima, pg. 142)

Just judging from the above two figures, it can be easily ascertained that the double pendulum is a chaotic oscillator, but also the equations of motion, derived from Lagrange’s equations, clearly show the makings of a chaotic system.  The study of this system can lead to a deeper understanding of the underlying chaotic behavior behind many other and more complex applications, such as electrical circuits, vibrations in structures and weather patterns.  Like many problems, studying a simplified version of the problem, can lead to an understanding of the more complex problem.  Despite the complexities of the double pendulum, its study can lead to an understandings of chaos in general and coupled or dependent oscillations.  The system is simple to construct, and relatively simple to analyze.  Therefore, it illustrates the principles behind the more complex problems previously mentioned.
Appendix

The following Mathmatica program is found in Nagashima’s text on page 142.

l21=1/Sqrt[2.]; mu2=.6; om1=1.; om2=Sqrt[1/l21] om1;

s2=Sqrt[2.]; pi=N[pi, 10];

sol=NDsolve[{th1’’[t]+mu2 l21 th2’’[t] Cos[th1[t]-th2[t]] + mu2 l21 (th2’[t])^2 Sin[th1[t] –th2[t]] + om1^2 Sin[th1[t]]==0,

l21 th2’’[t] +th1’’[t] Cos[th1[t] –th2[t]] – (th1’[t])^2 Sin[th1[t] – th2[t]] + om2^2 Sin[th2[t]]==0
th1[0]==2 pi/3, th2[0]==2 pi/3, th1’[0]==1, th2’[0]==0},

{th1, th2}, {t, 0, 20.1}, MaxSteps ->2000];

p1[t_]:={s2 Cos[th1[t]], s2 Sin[th1[t]]}

p2[t]:={s2 Cos[th1[t]] + Cos[th2[t]], s2 Sin[th1[t]] + Sin[th2[t]]}

pt1=Table[Graphics[{Thickness[0.0001], Circle[p1[t], 0.04]},

PlotRange ->{{-2.5, 2.5},{-2.5, 2.5}},

AspectRatio->1]/. sol, {t, 0, 20, 0.05}];

Pt2=Table[Graphics[Disk[p2[t], 0.04], 

PlotRange->{{-2.5, 2.5}, {-2.5, 2.5}},


AspectRatio->]/. sol. {t, 0, 20, 0.05}];

Show[pt1, pt2]

Bibliography

Chen, Guanrong, Dong, Xiaoning; From Chaos to Order, Methodologies, Perspectives

 and Applications; World Scientific Publishing Co. Pte. Ltd.; Singapore, 1998.

Kim, Jong Hyun, Stringer, John; Applied Chaos; John Wiley & Sons Inc.; New York,     


1992.

Kreiyszig, Erwin; Advanced Engineering Mathematics Eighth Edition; John Wiley & 

Sons Inc.; New York, 1999.
Nagashima, Hiroyuki, Baba, Yoshikazu; Introduction to Chaos Physics and Mathematics 
            of Chaotic Phenomena;  Institute of Physics Publishing; Philadelphia, PA; 1999.

Thornton, Stephen T., Marion, Jerry B; Classical Dynamics of Particles and Systems fifth
            edition; Thompson Brooks/Cole; Belmont, CA; 2004.
http://scienceworld.wolfram.com/physics/DoublePendulum.html
http://www.physics.usyd.edu.au/~wheat/dpend_html/dpend.html
_1145116446.bin

_1145116777.bin

_1145117008.bin

_1145116350.bin

