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ABSTRACT 
 
 We have calculated the room temperature thermal conductivity in semiconductor 
germanium clathrates using statistical linear-response theory and an equilibrium 
molecular dynamics (MD) approach. A key step in our study is to compute a realistic 
heat-current J (t) and a corresponding auto-correlation function < J (t) J (0) >.  To ensure 
convergence of our results and to minimize statistical fluctuations in our calculations, we 
have constructed large super-cell models (2944 atoms) and have performed several 
independent long time simulations (>1,500 ps in each simulation). Our results show an 
unexpected “oscillator” character in the heat-current correlation function of the guest-free 
Ge clathrate frameworks. This is absent in the denser diamond phase and other with 
simple structural frameworks.  We seek to interpret these results using lattice dynamics 
information. A study of the effects of the so-called “rattling” guest atoms in the open-
framework clathrate materials is in progress. 
  
 
INTRODUCTION 
 

Recent experiments reveal that certain crystalline forms of Ge-based clathrates 
(e.g. Sr8Ga16Ge30) have an abnormally low, glass-like thermal conductivity (κ) [1]. This 
makes these materials very promising for the design of high ZT thermoelectric materials. 
However, the mechanism of this reduction of κ is still not fully understood. Slack and co-
workers have suggested [2] that the small guest atoms (e.g. Sr) located inside the open 
framework (e.g. clathrate) behave like loosely bound “rattlers”, and that their low-
frequency rattling phonon modes scatter the heat-carrying acoustic phonons of the 
framework. No quantitative theoretical calculation has yet been reported to support this 
conjecture. We have recently performed a detailed first-principles theoretical study of the 
lattice dynamics of alloyed Ge clathrates, which showed that interaction between the 
framework acoustic phonon branches and the Sr-related rattling modes is possible 
because of avoided crossing [3]. These results provide the lattice dynamics basis to 
interpret the Slack-proposed rattler scattering mechanism. 

It is, however, possible that the large reduction in κ is caused by multiple 
mechanisms. The novel open-framework of the clathrates may also be relevant. In a 
broader context, the conventional transport formalism in condensed matter physics has 
been developed based on our understanding of simple crystals, such as diamond. This 
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formalism has not been extensively tested with complex materials systems, such as the 
framework semiconductors.   

The unique character of clathrate framework phonon spectra has been discussed 
in our previous study [4]. Here, we repeat the lattice dynamics study with a simple 
classical Tersoff potential [5].  The phonon spectra calculated using this approach shown 
in Fig. 1. We find semi-quantitative agreement between the Tersoff potential results and 
those of our previous first-principles study [4]. This indicates that the simple Tersoff 
potential captures the fundamental physics we are interested in here. Since both (guest-
free) Ge clathrates and diamond phase Ge contain 100% four-fold coordinated Ge atoms, 
the phonon properties of the Ge46 clathrate are comparable with those of diamond phase 
Ge. The spectrum of the diamond phase (2-atoms per primitive cell) (Fig. 1a) is well 
known: three acoustic branches in the low and medium frequency region and three optic 
branches in the high frequency region. If a 64-atom super-cell is used instead, the spectra 
can be easily interpreted in terms of “Brillouin zone folding” (Fig. 1b). However, the 
framework clathrate clearly exhibits some new features (Fig. 1c), besides those similar to 
zone folding effects. The optical branches in Ge46 (Fig. 1c) are “flatter” than the folded 
acoustic branches in diamond phase Ge (Fig. 1b), which means that they are less effective 
for heat transport. Some optic modes in Ge46 have relatively larger dispersion, and can be 
approximately traced as folded acoustic modes. These “acoustic-like” phonon modes are 
“resonant” with other optic modes. Because of the avoided crossing effect, these branches 
bend flat at the “crossing points” and some small energy gaps are created. The details 
about whether and how these unique features in the phonon spectra alter the transport 
properties are not clear.  

In this study, we wish to achieve a better understanding of the heat conduction 
mechanism in framework clathrate materials and to try to gain insights into the possible 
“tuning” of the thermal conductivity of such materials in order to optimize their 
thermoelectric properties. As a first step, we limited our study to Ge diamond and the 
pure (guest-free) Ge46 clathrate. We find an unexpected “oscillator” feature in the time-
correlation function of the heat current in the Ge46 clathrate framework and we interpret 
this result in the context of lattice dynamics. The study of effect of guest atoms on 
thermal conductivity is in progress, and will be reported elsewhere [6].  
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Fig.1 The Tersoff potential calculated phonon dispersion ω( q

�
) of (a) Ge diamond in a 2-atom primitive 

FCC unit cell, (b) Ge diamond in a 64-atom simple cubic super-cell, and (c) Ge46 clathrate (type-I simple 
cubic framework).  Γ and L are the labels of (0,0,0) point and π/2L (1,1,1) point respectively, where L is the 

lattice size of the cubic unit cell. 
 

Z6.1.2



COMPUTATIONAL METHODOLOGIES  
 

In our current study, the tensor thermal conductivity (κ) is calculated based on the 
Kubo formula of statistical linear-response theory [7],  
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where Jα (or Jβ) is the heat current (thermal energy flux) along the α (or β) Cartesian axis 
at the equilibrium temperature T, and <Jα (t) Jβ(0)> is the corresponding time correlation 
function. V is the volume of the system, and KB is the Boltzmann constant. Since both the 
diamond and clathrate structures are cubic, κ in our study is a scalar and the calculated 
results are averaged over three Cartesian directions.    
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where Ei is the total energy of the ith  atom, and ir
r
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 are the position and velocity 
vectors of the ith atom respectively. 
 The advantage of this MD approach is that anharmonic phonon scattering is 
naturally built into the interaction potentials, and no further assumption is required. 
Therefore, it is simple and straightforward. A disadvantage of the method is that it is 
classical and is expected to be less accurate at low T. Similar implementations of this 
approach have been adopted to study the thermal conductivity of crystals with point 
defects [9], amorphous materials [10], and hydrate clathrates [11]. There are several 
factors that significantly influence the quality of such calculations. (1) The time 
correlation functions of heat current decay slowly for most crystalline materials, and the 
integration in Eq. (1) shows poor convergence. We have found that to obtain a good 
ensemble average, the number of simulation steps must be of the order of a million. (In 
our studies, a time step of 1fs is used.) This rules out the possibility of using very 
accurate yet computationally intensive, first-principles MD method. In this study, we 
adopt a simple Tersoff potential [5], and believe it is a reasonable approximation for 
addressing the fundamental physics of the transport properties. (2) A large super-cell 
model has to be constructed in the MD simulation to have a realistic sampling of the k-
point phonon modes. A small size model (e.g. a 2x2x2 super-cell model) may introduce 
finite-size artifacts.  
    
THERMAL CONDUCTIVITIES: DIAMOND vs. FRAMEWORK CLATHRATE 
 
 We first studied the thermal conductivity of the diamond structure Ge crystal at 
room temperature (T=300K). It can be used to test our numerical implementation by 
comparison with experiments and to compare with those of the framework 
semiconductors.  
 We start with a 512-atom super-cell model of Ge diamond at zero temperature. 
Then, we raise the temperature to 300K, and equilibrate the system, first under constant 
temperature, then under constant energy conditions for about 80,000 time steps at each 
stage. After this equilibration period, we allow it to evolve (total energy conserved) using 
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Newton dynamics for 1,500,000 time steps (1,500 ps). We calculate the heat current 
vectors at each simulation time step using Eq. (2). The time averaged heat current 
correlation functions (Eq. (2)) are calculated over a 300 ps range using the 1,500,000 
sampled MD simulation results. We find that in each of calculations described above, 
statistical fluctuations in the correlation function are not negligible for long times (t > 100 
ps) and that multiple calculations starting from different configurations must be averaged 
to minimize statistical errors. In the study of Ge diamond, nine independent simulations 
were performed. The averaged normalized correlation function (divided by <J (0) J (0)>) 
is plotted in Fig. 2a. 

As expected, the heat current correlation function in Ge diamond decays for long 
time. It is not totally surprising that this decay in Ge diamond does not strictly follow an 
exponential law. However, an approximate fitting to a β*exp (-t/τ) function gives an 
effective lifetime parameter τ ≈ 50 - 60 ps (depending on the choice of fitting range). We 
also notice that the normalized correlation function rapidly drops from unity to about 0.4 
within less than 0.1 ps. This rapid lose of correlation is not fully understood. However, it 
is seen in other studies such as in crystalline SiC [9].  

Using Eq. (1), we find that thermal conductivity, κdiamond, of Ge diamond at 300K 
is about 114.5 Wm-1K-1 at 300K, which is about twice the experimental measured value 
of 62 Wm-1K-1 [12]. Nevertheless, the agreement is reasonable since we have not 
explicitly fit any anharmonicity parameters. Also our calculations assume a perfect single 
crystal with no defects or grain boundaries. The calculated results reflect an upper-bound 
for the thermal conductivity. 

The thermal conductivity of Ge46 clathrate is calculated using the same numerical 
techniques. The averaged heat current time correlation function is shown in Fig. 2b. In 
the present study, a large 2944-atom model (a 4x4x4 super-cell, with a unit cell of 46 
atoms) is used in the MD simulations, and the final results are averaged over 3 
independent 1,500,000 step simulations. 

We obtain the unexpected results that the correlation function for the Ge clathrate 
does not follow a simple decay function; rather it decays like a damped oscillator. Even 
though the envelope of the correlation function in the Ge clathrate is remarkably similar 
to that of the Ge diamond phase, the cancellation due to these oscillations in the time 
integration in Eq. (1) significantly reduces the thermal conductivity. 
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Fig.2 The normalized time auto-correlation functions of (a) Ge diamond, and (b) Ge46 clathrate. The results 

are calculated using equilibrium MD simulations over a time range of 1,500 ps. 
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  Therefore, we find a much smaller thermal conductivity in the pure (guest-free) 
Ge clathrate than in diamond phase Ge. Our theoretical κclathrate at 300K is 12.8 Wm-1K-1, 
almost 1/9 of the calculated κdiamond at the same temperature. This is the most significant 
result of our study.  

No pure Ge46 clathrate has yet been synthesized.  The most relevant experimental 
data is the thermal conductivity of metal-doped, alloyed Ge clathrates, such as 
Sr8Ga16Ge30, Eu8Ga16Ge30, and Sr4Eu4Ga16Ge30, for which κ ranges from 0.6 to 1.0 Wm-

1K-1 [1]. Experiments find that κ for compound Ge clathrates containing guests is reduced 
by a factor of ≈ 60 compared to diamond Ge. Measurements do not address what 
proportion of this decrease is due to the guest “rattlers” and what proportion is due to the 
framework itself. Our calculations suggest that the framework itself (without guest atoms 
and alloy disorder) reduces the thermal conductivity by a factor of 9. From this we 
conclude that the framework and the guest contribute comparable amounts to the 
reduction of thermal conductivity in the experiments.    

In order to better understand the origin of the significant differences in the time 
correlation functions of the Ge diamond and clathrate structures, we have calculated the 
(frequency domain) power spectra (Fig.3). We should point out that the “wiggles” at 
short time in the Ge diamond correlation function (Fig. 2a) are not random noise since 
they barely change when the function is averaged over 9 independent calculations. These 
“wiggles” show their signatures in the non-zero frequency part of the power spectra (Fig. 
3a). These frequencies are within the phonon frequency region. However, the weight of 
non-zero frequency components is much smaller than the dominant weight of the zero 
frequency components. 

The most important changes in the power spectra (Fig. 3b) of the Ge46 correlation 
function are the significant decrease of in the zero frequency peak height and that several 
relatively high peaks in the finite-frequency region (again, within the phonon frequency 
range) appear. The large peaks explain the oscillator features in the time correlation 
function. However, the physical origin of the peaks is not clear. The two dominant peaks 
are located near 96 cm-1 and 137 cm-1 respectively. On examining the phonon spectrum 
in detail (Fig. 1c) we have found four different phonon eigen-modes near these two 
frequencies, which satisfy the energy and momentum conservation conditions for U-
process phonon scattering. The existence of such four-phonon scattering is plausible. 
However, we cannot explain why this phonon scattering gives such a large weight in the 
power spectrum; presumably many other phonon scattering processes are also possible. 
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(a) Ge diamond: a 512 atom model
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(b) Ge46 clathrate: a 2944 atom model
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Fig.3 Power spectra of time auto-correlation of (a) Ge diamond, and (b) Ge46 clathrate. 
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CONCLUSIONS 
 
 The room temperature thermal conductivity of Ge diamond and Ge46 clathrate 
materials has been calculated using the Kubo formula and equilibrium MD simulation 
techniques. Theory shows that the intrinsic thermal conductivity κ in the framework 
clathrate semiconductor is only about 1/9 of κdiamond. This reduction in the intrinsic 
thermal conductivity κclathrate can be understood in terms of the rapid oscillations found in 
the time heat current correlation function. A frequency analysis shows that the oscillation 
frequencies of the correlation function lie within phonon frequency range. This suggests 
that heat current in the clathrate strongly couples with several specific phonon modes. 
The nature of this phenomenon needs further analysis. The effect of guest rattlers has 
been neglected in this report, and will be reported elsewhere.  
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